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It is shown that an equation first derived for describing the Newtonian viscosity of suspensions of rigid 
spheres is also applicable for describing the Newtonian viscosity of dilute to moderately concentrated 
polymer solutions. The equation is applicable for relative viscosities from 1 to about 100. In addition, 
it is possible to rearrange the equation so that the intrinsic viscosity is expressible as an explicit func- 
tion of the other variables. This leads to a very convenient method of calculating the intrinsic viscosity 
from a determination of the relative viscosity at a single polymer concentration. 

INTRODUCTION 

Equations exist which can sometimes describe the viscosity 
of  polymer solutions over the whole concentration range. 
One of these is the two parameter Martin equation 1, which 
is given by: 

In r/sp = ln[~/] +K[r / ]  c (1) 
c 

where r~sp is the specific viscosity, c is the concentration of 
polymer in g/dl, [77] is the intrinsic viscosity and K is a para- 
meter. Another is the Lyons and Tobolsky 2 expression: 

In r/sp - kl [r/]c (2) 
c[r/] 1 -be  

where kl  and b are parameters. When b = 0, equation (2) 
reduces to equation (1). From a knowledge of K in the case 
of equation (1) or kl  and b in the case of equation (2) for a 
given polymer-solvent  system, the equations can be used to 
estimate the intrinsic viscosity from a determination of the 
relative viscosity ~r at a single concentration. One drawback 
to both equations (1) and (2) is that they cannot be written 
in a form such that [~] is an explicit function of the remain- 
ing variables. Hence, it is usual to estimate [~/] by the 
method of successive approximation. However, Rodriguez 3 
has recently constructed a nomograph for the Martin equa- 
tion whereby approximate estimates of [r/] can be quickly 
obtained: however, for precise values, successive approxima- 
tions must still be employed. 

* This paper presents the results of one phase of research carried 
out at the Jet Propulsion Laboratory, California Institute of Tech- 
nology, under Contract No. NAS7-100, sponsored by the National 
Aeronautics and Space Administration 

DISCUSSION 

Viscosity of dilute to moderately concentrated polymer 
solutions 

We have found that an equation proposed by van Dijck 4 
and first applied to the viscosity of Newtonian suspensions 
of rigid particles by Eilers can also be used to describe the 
viscosity of dilute to moderately concentrated polymer 
solutions. In addition, the equation can be rearranged so 
that [r/] becomes an explicit function of polymer concen- 
trations. The same equation has been shown to describe the 
relative modulus-fil ler content relationship of filled elasto- 
mers s-7 and to describe the dependence of viscosity on concen- 
tration for aqueous electrolyte solutions s. The equation is 
given by: 

1.25 ¢ / 2 
~r = 1 + - ~ - ~ ~ m ]  (3) 

where q~ is the volume fraction of suspended particles and 
Crn is the maximum volume fraction to which the particles 
can pack. For large rigid suspended particles, the value of 
Crn can be independently estimated from sedimentation ex- 
periments. If  it is assumed that ~ is proportional to the 
polymer concentration, then: 

=kc (4) 

where k is the constant of proportionality. Hence, 

r/r = 1 + (5) 

Cm ] 
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Figure I Plot of viscosity data in the form suggested by equation 
(7}. PolysWrene MW = 1.46 x 105 gin/moles in toluene at 30°C 
(filled circles) and at 48.2°C. Part (a) represents the entire concen- 
tration range while part (b) represents the dilute range. Data from 
reference 7 

where c m is a polymer concentration parameter (the hydro- 
dynamic spheres considered to be rigid) which corresponds 
to ~m. For small c, equation (5) reduces to r/r = 1 + 2.5 kc 
and hence, 2.5 k = [r/]. Using this result: 

[ ~r = 1+ t- _----~ (6) 

2 
Cm 

which contains the two parameters [r/] and Cm. 
For purposes of testing this expression, it is convenient 

to rearrange it to the form: 

1 1 l 
= ( 7 )  

2(r/r 1 /2 -  1) [r/]c [rllcm 

and hence a plot of the quantity 1/2(r~rl/2 - I) versus 1/c 
should result in a linear response with slope equal to 1/It/] 
and intercept 1/[7/] Cm. Contrary to the behaviour of equa- 
tions (1) and (2), equation (7) can be rearranged to yield 
[~7] explicitly: 

[77] = 2 ( r / 1 / 2  - 1)  ( 1 / c  - 1 /Cm) ( 8 )  

and hence, once the value Of Cm has been established for a 
given polymer-solvent system, [rl] can easily be calculated 
from a determination of ~r at a single polymer concentration. 

We have examined a great deal of viscosity-concentration 
data for various polymer-solvent systems and find that equa- 
tion (7) is generally applicable for r/r values from 1 to about 
100. For purposes of demonstration, we will use the visco- 
sity data of Weissberg, Simha, and Rothman for dilute and 
moderately concentrated solutions of polystyrene at three 
molecular weight levels and for several solvents and 
temperatures 9. 

Figure la  shows the data for a fraction of molecular 
weight 1.46 × 10 s g/mol in toluene at 30 ° and at 48.2°C. 
As may be seen, the response is quite linear. Figure la  
shows the data over the entire concentration range while the 
data points contained in the small rectangle and representing 
the dilute range are shown in Figure lb .  Equation (7) is very 
sensitive to the values ofr/r in the dilute range, i.e. forc values 
less than about 1 g/dl, because the quantity 1/2(r/r 1/2 -1)  
approaches infinity as c tends to zero. In this region, small 
variations in r/r can produce large changes in 1/2(r/1/2 -1).  In 
our experience, we generally apply equation (7) to the data 
by omitting the data in the very dilute range and fit the 
remaining data using a least squares fitting technique. 

Figure 2 shows the same data as in Figure 1 fitted to the 
Martin equation. It is apparent that the data in the dilute 
range deviate somewhat from a linear response. The results 
obtained by fitting both the Martin equation and equation 
(7) to the viscosity data for polystyrene reported by 
Weissberg et al. 9 are summarized in Table 1. Columns 4 and 
5 list the least squares estimates for the slope and intercept, 
respectively, for equation (7) while columns 6 and 7 list the 
respective quantities obtained using Martin's equation. Equa- 
tion (7) provided estimates of 77 r for all the data given by 
Weissberg et al. with an average deviation of 0.67% compared 
to the experimentally measured values oft/r, while the 
Martin equation provided estimates oft/r with an average de- 
viation of 0.72%. 

In column 8 are shown the values of It/] reported by 
Weissberg et al. : in column 9 the corresponding value obtain- 
ed from the slope using equation (7) is given, while column 
10 lists the value obtained from the Martin equation. The 
average deviation in It/] obtained using equation (7) is 4.8% 
while that obtained using Martin's equation is 5.1%. 

Column 11 lists the values of the parameter Cm obtained 
from equation (7). As noted previously, c m should be pro- 
portional to Crn the maximum volume fraction to which rigid 
particles can pack. Scott 1° has shown, using large monodis- 
perse spheres such as ball bearings, that ~b m = 0.63. When 
the spheres are polydisperse, ~b m will have a higher value be- 
cause smaller spheres are sometimes able to fit into the inter- 
stitial spaces associated with the larger particle. The upper 
limiting value of q~m for rigid spheres is unity. The values of 
q~rn calculated from equation (7) are also listed in Table 1, 
and, as may be seen, are all greater than unity. 
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Since q~m values greater than unity are not possible for 
systems which contain rigid particles, the fact that polymeric 
systems such as described herein lead to ~b m values varying 
from 2 to about 10 is not explicable at this time; however, it 
is felt that these high q5 m are in some way related to the fact 
that the highly swollen polymer coils are deformable. In 
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Figure 2 Same data as in figure plotted in the form suggested by 
the Martin equation 
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view of this, we take ~m for polymer systems to be an em- 
pirical fitting parameter. 

l/TSCOSity and reduced variables 

If we expand the square term on the right hand side of 
equation (6) the following equation can be derived: 

C m [~] C 

r/sp 1 4 Cm 
- + (9) 

which shows that the fraction/?sp/[1"/] c is a function of the 
reduced variable C/Cm. For polymer-solvent systems in 
which Cm [r/]/4 is relatively constant (as, for example, when 
only the molecular weight of the polymer is varied) a plot 
of r/sp/[r/] c versus c should be superposable by a simple 
horizontal shift along the c-axis. Utracki and Simha have 
shown that this is indeed the case in that different po lymer-  
solvent systems gave responses which had similar, and, in 
some cases, wholly superposable responses tt. In fact, the 
dependence of  the ratio r~sp/[r/] c on c is the basis of  their 
treatment of the viscosity of dilute to concentrated polymer 
solutions in terms of reduced variables. Equation (9) pre- 
dicts that this should indeed be the case, at least for dilute 
to moderately concentrated polymer solutions. 
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